In the framework of the single-field slow-roll inflation, we derive the Hamiltonian of the linear primordial scalar and tensor perturbations in the form of time-dependent harmonic oscillator Hamiltonians. We find the invariant operators of the resulting Hamiltonians and use their eigenstates to calculate the adiabatic Berry phase for sub-horizon modes in terms of the Lewis-Riesenfeld phase. We conclude by discussing the discrepancy in the results of Pal et. al [Class. Quant. Grav. 30, 12 (2013)] for these Berry phases, which is resolved to yield agreement with our results.
I. INTRODUCTION
Berry phase [1] is a non-trivial geometric phase, distinct from the dynamical phase, that is picked up by a quantum system when it slowly traverses a closed path in the Hamiltonian parameter space. Because of the wide range of its applications, examples of Berry phase have appeared in many different areas of physics and astronomy [2] [3] [4] [5] [6] [7] [8] [9] [10] [11] [12] [13] [14] [15] [16] . Of particular relevance to our work is the Berry phase of primordial cosmological perturbations, which are well accomodated in inflationary models [17] [18] [19] . In single-field inflation, using the gauge invariant variable of Bardeen [20] , the Berry phase has been obtained from the wave function of the perturbations by solving the associated Shrödinger equation [21] . As the origin of our present universe, primordial perturbations have presumably left their mark to be traced in cosmological observations. In this regard, the Berry phase, as a footprint of the perturbations, can serve to probe the cosmological inflation [22] .
In this work, we obtain the Berry phase of the linear primordial perturbations in the single-field slow-roll inflation via a different approach. Our approach is based on reducing the problem to a time-dependent harmonic oscillator and, thereby, using the Lewis-Riesenfeld invariant operator method [23] [24] [25] [26] [27] to obtain the Berry phase. This approach has been employed to obtain the Berry phase of relic gravitons in the FRW background [8] . Here, using the gauge invariant variables of Malik and Wands [28] , we derive the Hamiltonian of the scalar and tensor Fourier modes in the form of time-dependent harmonic oscillator Hamiltonians (Section 2). The Berry phase of a generalized harmonic oscillator has been derived in [29] using the Lewis-Riesenfeld invariant operator method. In the same manner, we find the invariant operators of the resulting Hamiltonians and use their eigenstates to calculate the adiabatic Berry phase for sub-horizon scalar and tensor modes as a LewisRiesenfeld phase (Section 3). Finally, we discuss the discrepancy in the results of [21] for these Berry phases, which is resolved to yield agreement with our results.
II. THE PERTURBATION HAMILTONIAN
In the single-field model, the universe is dominated by a scalar fieldφ with potential V (φ). The action is
where units have been chosen such that 8πG =h = c = 1. The background universe is the flat FRW spacetime
where a is the scale factor and N depends on the choice of the time variable. (Conformal and cosmic time correspond to N = a and N = 1, respectively.) The background scalar field, which depends only on time, is ϕ(t) with conjugate momentum Π =φ/N. In the ADM formalism [30] , where
the perturbed universe hash ij = a 2 e 2α δ ij + γ ij , where α(t, x) is the scalar curvature perturbation and γ ij (t, x) is a divergence-less and traceless metric perturbation that represents transverse gravity waves.
Let us first consider the scalar perturbations. The linear scalar gauge invariant perturbation variable is constructed from the curvature and field perturbations (α and δφ) according to [28] 
where H(t) =ȧ/Na is the background Hubble parameter. The first order slow-roll parameters are given by
Working in the uniform energy density gauge, δφ = 0, action (1) to the second order in perturbation variable ζ is given by [31] 
Choosing t to be the conformal time τ by setting N = a, and defining the Mukhanov-type
where prime indicates conformal time derivative and H = a ′ /a = aH is the conformal Hubble parameter. Representing the Fourier transforms of q by q k and forming the row
k ) from the real and imaginary parts of q k , (3) can be written as
The corresponding Hamiltonian is given by
k ). Thus, promoting the canonically conjugate variables to operators (denoted by hat), the matrices become matrix operators, and
which represents a time-dependent harmonic oscillator of frequency
As for the linear tensor perturbations, the second order action calculated from (1) is [31] 
Set N = a and write the Fourier transforms γ ijk in terms of the polarization tensors ε
k ). Note that the summation over s pertains only when both polarizatios are present in the gravitational wave. Hence, defining the conjugate momenta
k ) and promoting to operators, we find
Thus, the Hamiltonian for tensor modes also coincides with that of a harmonic oscillator of
III. BERRY PHASE OF THE SCALAR AND TENSOR MODES
We use the invariant operator method [23, 24] to determine the dynamical invariants of the harmonic oscillator Hamiltonians (4) and (5). The Berry phase can then be obtained as a Lewis-Riesenfeld phase [29] , which is constructed from the eigenstates of the invariant operator.
The invariant operator, by definition, satisfies the von Neumann equation. It has been derived for the generalized harmonic oscillator Hamiltonian in the form,
, where X, Y, Z are time dependent [32] . This has the same form as Hamiltonians (4) and (5). Thence, for (4) the invariant takes the form
where the auxiliary variable ρ k (τ ) is a time-periodic solution of the Milne-Pinney equation
We define the raising and lowering matrix operators bŷ
and writeÂ
k2 ). The components 1 and 2 are standard raising and lowering operators that satisfy
where |n k1 , n k2 is the eigenstate ofÎ
k + 1 with eigenvalue n k1 + n k2 + 1. The accumulated Berry phase over time period τ 0 is derivable from the Lewis-Riesenfeld phase according to [29] Γ k,scalar (n k1 , n k2 , τ 0 ) = τ 0 0 n k1 , n k2 |i∂ τ | n k1 , n k2 dτ.
To calculate the integrand, we proceed as follows. From (8), differentiation with respect to
together with a similar expression with subscript 1 replaced by 2. It follows that
By using (7), we can express ∂ τÂ
k1 in terms of the raising and lowering operators to find
and therefore
Bearing in mind the same expression with subscript 1 replaced by 2, it follows that
Conveniently choosing the Lewis gauge [24] 0
we finally obtain
In the adiabatic limit of slow time variation, we introduce the adiabatic parameter λ (≪ 1) and write η = λτ . Substituting in (6) gives
, ǫ and η being first order in λ. Thus, on using (6), the integrand of (10) becomesH
Hence, in the adiabatic limit,
where H 0 = H(τ 0 ). Note that k ≥ H, which means that the above result for Berry phase holds for sub-horizon modes that oscillate with real frequency. Thus, τ 0 corresponds to the conformal time at which H = k, i.e., H 0 = k, so that
which yields Γ scalar = π/4 for the ground state. The adiabatic Berry phase is, thus, independent of the (conformal) Hubble parameter, in contrast to the general non-adiabatic Berry phase given by (10) .
For tensor modes, because of the identical form of the Hamiltonian for each polarization state, as given by (5) , we just have to introduce the polarization index s in the above steps and make the correspondences ω k → Ω k ,H → H. 
where ρ k satisfies 
Noting that the integrand is equal to s n s k |i∂ τ | n s k , we similarly obtain in place of (10),
and hence, in the adiabatic limit,
The summation pertains only when both polarizations are present in the gravitational wave.
For the ground state, therefore, we have Γ tensor = π/4 for each polarization.
IV. DISCUSSION
Considering linear primordial perturbations in the single-field slow-roll inflation, we have derived the Hamiltonian of the scalar and tensor modes in the form of time-dependent harmonic oscillator Hamiltonians. We obtained the invariant operators of the resulting Hamiltonians and used their eigenstates to calculate the adiabatic Berry phase for subhorizon perturbations as a Lewis-Riesenfeld phase.
In conclusion, we ought to comment on the discrepancy in the results of [21] , where where Γ tensor pertains to each polarization. They also relate the Berry phases to observable parameters, viz spectral indices, through the slow roll parameters ǫ, η. In accordance with the adiabatic requirement, the above expressions are claimed by the authors to be exact to first order in ǫ, η. This is obviously incorrect because of the denominators. In fact, by a
